Hidden Local Symmetry and Dense Half-Skyrmion Matter 
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Transition from baryonic matter to color-flavor-locked quark matter is described in terms of 
skyrmion matter changing into half- sky rmion matter. The intermediate phase between the density 
n v at which a skyrmion turns into two half skyrmions and the chiral transition density SR at which 
hadronic matter changes over to quark matter corresponds to a chiral symmetry restored phase 
characterized by a vanishing quark condensate and a non-vanishing pion decay constant. When 
hidden local fields are incorporated, the vector manifestation of Harada-Yamawaki HLS theory 
implies that as density approaches n* SR , the gauge coupling g goes to zero (in the chiral limit) and 
the symmetry "swells" to SU(Nf) 4 as proposed by Georgi for the "vector limit." This enhanced 
symmetry, not present in QCD, can be interpreted as "emergent" in medium due to collective 
excitations. The fractionization of skyrmions into half-skyrmions resembles closely the magnetic 
Neel-to-valence bond solid (VBS) paramagnet transition where "baby" half-skyrmions enter as 
relevant degrees of freedom in the intermediate phase. It is suggested that the half-skyrmion phase 
in dense matter corresponds to the "hadronic freedom" regime that plays a singularly important 
role in inducing kaon condensation that leads to the collapse of massive compact stars into black 
holes.. 



Introduction: — Hadronic matter at high density is 
presently poorly understood and the issue of the equa- 
tion of state (EOS) in the density regime appropriate 
for the interior of compact stars remains a wide open 
problem. Unlike at high temperature where lattice QCD 
backed by relativistic heavy ion experiments is providing 
valuable insight into hot medium, the situation is dras- 
tically different for cold hadronic matter at a density a 
few times that of the ordinary nuclear matter relevant for 
compact stars. While asymptotic freedom should allow 
perturbative QCD to make well-controlled predictions at 
superhigh density, at the density regime relevant for com- 
pact stars, there are presently neither reliable theoretical 
tools nor experimental guides available to make clear- 
cut statements. The lattice method, so helpful in high-T 
matter, is hampered by the sign problem and cannot as 
yet handle the relevant density regime. 

What is generally accepted at the moment is that ef- 
fective field theories formulated in terms of hadronic vari- 
ables, guided by a wealth of experimental data, can ac- 
curately describe baryonic matter up to nuclear matter 
density tlq w 0.16 fm and perturbative QCD unam- 
biguously predicts that color superconductivity should 
take place in the form of color flavor locking (CFL) at 
some asymptotically high density ucfl [H- In between, 
say, no < n < ucfl, presently available in the literature 
are a large variety of model calculations which however 
have not been checked by first-principle theories or by 
experiments. The model calculations so far performed 
paint a complex landscape of phases from no to ucfl, 
starting with kaon condensation at ~ 3no 0], fol- 
lowed by a plethora of color superconducting quark mat- 
ter with or without color flavor locking near and above 
the chiral restoration n* SR and ultimately CFL with or 
without kaon condensation. It is unclear which of the 
multitude of the phases could be realized and how they 



would manifest themselves in nature. 

In this note, I would like to zero in near the chiral 
restoration point and uncover a hitherto unsus- 

pected novel phenomenon that could take place very near 
n xSR m -^hg cn iral limit. Treating dense nuclear mat- 
ter in terms of skyrmion matter, I will argue that at 
n p < ri$ , a skyrmion in dense matter fractionizes into 
two half skyrmions with chiral SU (Nf) x SU (Nf) sym- 
metry restored but with a non- vanishing pion decay con- 
stant, and that in the presence of vector mesons, the 
symmetry "swells" to SU(Nf) A as the gauge (vector me- 
son) coupling g — > near n%* R as predicted by Georgi Q 
and Harada and Yamawaki Q • I will conjecture that the 
skyrmion-half-skyrmion transition at n p is an analog to 
what is referred to as "deconfined quantum critical phe- 
nomenon" in condensed matter physics [f| and identify 
the phase n p <^n <^ n* SR with the "hadronic freedom" 
regime and Tip cLS the "flash density," both of which play 
an important role in describing dense matter near and 
just below the chiral transition point. I should stress 
that should such a phase really exist, it could mean a 
significant deviation from normal Fermi liquid and could 
therefore influence the possible formation of color super- 
conductivity as in high T superconductivity. 

Half skyrmions and pseudogap phase: — As a way of ap- 
proaching dense hadronic matter, I will adopt a skyrmion 
construction. This is chiefly because a skyrmion with 
winding number B is to encode large N c QCD for sys- 
tems with B baryons. This means that the skyrmion has 
the potential to provide a unified approach to baryonic 
dynamics, not only that of elementary baryon but also 
the structure of complex nuclei as well as infinite mat- 
ter, the power and versatility that are missing in other 
approaches. Even more intriguingly, the CFL phase can 
also be described as a skyrmion matter of different form 
- referred to as "superqualiton" matter. Thus the tran- 
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sition from normal matter to CFL matter can be consid- 
ered as a skyrmion-superqualiton transition mediated by 
half-skyrmions in between. 

Up to date, most of the works done on skyrmions re- 
lied on the Skyrme Lagrangian that contains the current 
algebra term and the Skyrme term, viz, 

C = ^Tr (d^Ud^) + ^Tr [U^d^U, U^d»U] 2 (1) 

implemented with mass terms. But there are reasons 
to believe that vector degrees of freedom are essential 
for reliably describing systems with B > 1 [6]. In- 
deed, the recent development in holographic dual QCD 
(hQCD) clearly shows that the infinite tower of vector 
mesons encapsulated in five-dimensional (5D) Yang-Mills 
Lagrangian drastically modify the structure of the baryon 
arising as an instanton [7|. In fact, not only generic soli- 
ton properties such as its topological stability but also 
chiral dynamics of nucleons including their electroweak 
form factors are strongly affected by the tower of vector 
mesons. This indicates that dense matter should be de- 
scribed with a hidden local symmetric Lagrangian with 
the infinite tower. However at present, the holographic 
dual Lagrangian approach is valid in the large iV c and 
large 't Hooft (A = §ym^c) limit and making subleadi- 
ing corrections - which are needed for treating dense 
medium - appears to be extremely difficult. In incorpo- 
rating vector degrees of freedom, I will therefore adopt 
Harada-Yamawaki HLS Lagrangian which can be viewed 
as a truncation of the infinite tower with the higher ly- 
ing vector mesons integrated out [8;]. The effects of the 
integrated-out vectors will then be lodged in the param- 
eters of the truncated Lagrangian that involves only the 
ground-state vectors, coupled chiral invariantly to the pi- 
ons. 

I will start with the skyrmion matter constructed with 
the Skyrme Lagrangian and then go over later to a hid- 
den local symmetric Lagrangian containing the lowest 
lying vector mesons p (and to). There have been a se- 
ries of works on dense matter treated with the Skyrme 
Lagrangian Q on which I will base my beginning argu- 
ments. 

In 0], following the seminal work of Klebanov [Iol |. 
density effect is simulated by putting skyrmions on crys- 
tal and squeezing the crystal. In (3+1) dimensions, it 
is found to be energetically favorable to arrange the 
skyrmions as a face-centered cubic crystal (FCC) lat- 
tice [TTj | . One should however recognize that there is 
no proof that this is indeed the absolute minimal con- 
figuration. There may be other configurations that are 
more favorable. Indeed, it has been recently shown that 
in baby-skyrmion systems [12] , of all possible crystalline 
structures, it is the hexagonal, not the cubic, that gives 
the minimal energy. This caveat notwithstanding, I will 
base my discussions on the FCC crystalline structure. I 
will say more on this below, in particular concerning cer- 
tain qualitative features that could be different for differ- 
ent crystalline structures. 



Briefly, what is done in Q is as follows. The crystal 
configuration made up of skyrmions has each FCC lattice 
site occupied by a single skyrmion centered with {J = 
— 1 with each nearest neighbor pair relatively rotated in 
isospin space by n with respect to the line joining the 
pair. In order to have the Skyrme Lagrangian possess 
the correct scaling under scale change of the crystalline, 
the dilaton scalar \ associated with the trace anomaly of 
QCD has to be implemented as suggested in fl3| . The 
energy density of the lattice skyrmions is then given by Q 

+ \dix SiXo + V(xo)^ (2) 

where f v is the physical pion decay constant (which is 
equal to the parametric constant F v at the tree order). 
Here, the ellipsis stands for the familiar Skyrme quartic 
term and quark mass terms which need not be explicited, 
the subscript 'box' denotes that the integration is over a 
single FCC box and the factor 1/4 in front appears be- 
cause the box contains baryon number four. The sub- 
script "0" denotes the mean field, f x is the x decay con- 
stant and V(x) is the dilaton potential that encodes the 
"soft" component of the trace anomaly associated with 
the spontaneous breaking of scale invariance [l4| . The 
field x is coupled to the chiral field U, so the mean field 
X* = (x)n (where the asterisk indicates in-medium quan- 
tity with n ^ 0) scales with the background provided 
by the crystal configuration. This behavior mimics the 
"intrinsic density dependence (IDD)" required by Wilso- 
nian matching of HLS theory to QCD at some matching 
scale Q. The minimization of this energy density with 
respect to the coefficients of the Fourier expansion of the 
(mean) fields taken as variational parameters reveals that 
at some minimum size of the box corresponding to a den- 
sity, say, n p of the matter, there is a phase transition 
from the FCC crystal configuration of skyrmions into a 
body-centered cubic crystal (BCC) configuration of half 
skyrmions as predicted on symmetry grounds [ill . [l5| . I 
should point out two aspects here that characterize the 
transition. One is that what is involved here is a topol- 
ogy change, also observed in (2+1) dimensions. There- 
fore it has the possibility of being stable against quantum 
fluctuations. The other is that in terms of the mean chi- 
ral field Uq(x) = a(x) + it ■ it, the expectation value 
(a) oc (qq) is zero at n p , so the transition is a chiral 
restoration phase transition. 

The phase structure obtained numerically in [9( is 
shown in Fig. [1] which summarizes what happens in the 
Skyrme model on crystal. What is striking in this result 
is that while chiral symmetry is restored at n p , the pion 
decay constant given by f*/f„ oc (x)n>n p /f x 0. In 
terms of the chiral order parameter (qq) ~ (cTr (U+U')), 
the half-skyrmion phase has (Tr (U + U')) — but 
c ~ /J / 0. A similar property has been proposed 
for high temperature and identified with a "pseudogap 
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FIG. 1: Average values of a — |Tr((7) and xl fx of the lowest 
energy crystal configuration at a given baryon number density. 
Note that here p stands for density n. 

phase" in analogy to high T superconductivity [l6j]. Al- 
though the connection is not clear, the phase - phase (B) 
in Fig.[T]- between n p and the density denoted n* SR at 
which /* = is called "pseudogap phase." The density 
range of the pseudogap phase depends on the mass of the 
scalar x- It is possible that the range can be shrunk to 
a point for certain value of the mass but I will assume 
that there is such a finite window in which the pseudogap 
structure persists. 

With hidden local symmetry: — So far I have been dis- 
cussing dense half-skyrmion matter built without vec- 
tor meson degrees of freedom. The structure of the 
half-skyrmion phase becomes much more interesting and 
richer when vector mesons are present. As mentioned 
above, the skyrmion structure with an infinite tower of 
vector mesons is totally different from the skyrmion with 
pion field only [7j : even with only the ground state vector 
meson gauged into the Skyrme model, the basic feature 
of the resulting skyrmion gets drastically modified [l7l ]. 
Furthermore such a modification seems to be required 
if the skyrmion picture is to represent nature quantita- 
tively @. 

There are basically two ways to introduce vector 
mesons into the skyrmion matter. They are essentially 
equivalent provided that local gauge invariance is imple- 
mented. I will resort to what I would call "bottom-up" 
approach, that is to generate vector bosons as emergent 
gauge fields fH- I will comment on the other, "top-down" 
approach later. 

The idea is simply that the chiral field U — e 2i7r / F,r 
can be written in terms of the left and right coset-space 
coordinates as 

U = (3) 

with the transformation under SU(Nf)L X SU(Nf)n as 
& -> &Lt an d £ R _> f fl flt with L(R) e SU(N f ) L(R)/ 
Now the redundancy that is hidden, namely, the invari- 
ance under the local transformation 

tL,R -> Hx)a,R (4) 



where h(x) £ SU(Nf)v=L+R can be elevated to a local 
gauge invariance Q with the corresponding gauge field 
€ SU(Nf)v that transforms 

V^h(x)(V^-id^(x). (5) 

(If one parameterizes (,l,R — e ICT 1 F " e =R7r I F ^ , gauge-fixing 
with cr = corresponds to unitary gauge, giving the usual 
gauged nonlinear sigma model with a mass term for the 
gauge field.) The resulting HLS Lagrangian takes the 
form 3 (with V M = gp^)\ 

C = ^-Tr{\D^ L \ 2 + \D^ R \ 2 

+k\D^U\ 2 } -I T r[ (W H + -" (6) 

where the ellipsis stands for higher derivative and other 
higher dimension terms including the gauged Skyrme 
term. ( I should mention parenthetically that the above 
construction can be extended to an infinite tower of vec- 
tor mesons spread in energy in the fifth dimension, lead- 
ing to a "dimensionally deconstructed QCD" which is 
encapsulated in a 5D Yang- Mills theory (l8| . The lat- 
ter is essentially equivalent in form to the 5D Yang-Mills 
theory of holographic dual QCD that comes from string 
theory Q.) 

No satisfactory construction of dense skyrmion matter 
with the Lagrangian © exists at present [l9(. However 
it is not difficult to see what happens in the presence of 
HLS degrees of freedom. As in the case of the Skyrme 
crystal, we expect that the skyrmion will fractionize at 
some rip into two half skyrmions, one given by £^ and 
the other by £r. We can think of the former as "left- 
half-skyrmion" and the latter "right-anti-half-skyrmion," 
which are bound to a single skyrmion. This resembles 
"deconfined quantum critical phenomenon" in (2+1) con- 
densed matter systems, e.g., the transition from the Neel 
magnetic phase to the VBS paramagnetic phase char- 
acterized by the deconfinement of a baby-skyrmion into 
two half baby-skyrmions 5]. In this condensed matter 
example where an "emergent" £7(1) gauge field plays a 
crucial role, half-skyrmions are confined (or bound) to 
skyrmions in the initial (Neel) and final (VBS) phases 
and the transition occurs via the fractionized (or decon- 
fined) half-skyrmion phase. 

Transition from nuclear matter to CFL phase: — It 
is tempting to think of the phase transition from nor- 
mal baryonic matter to quark matter going via the half- 
skyrmion phase as in the condensed matter case. To see 
whether this analogy can be made closer, let us consider 
the CFL phase of quark matter. In the real world of two 
(u and d) light flavors and one heavy (s) flavor, a variety 
of model calculations predict a multitude of supercon- 
ducting states, some unstable and some others (such as 
LOFF crystalline) presumably stable, but I am going to 
consider, for simplicity, the CFL configuration which is 
favored for degenerate quark masses. Furthermore, there 
is also a possibility that the CFL phase can come down 
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in density all the way to the nuclear matter density for a 
light-enough s-quark mass, say, in the presence of strong 
U{1) A anomaly [H]. 

Since in the CFL phase, the global color symmetry 
SU(3) is completely broken and chiral SU(3)l x SU(3) r 
(for Nf = 3) is broken down to the diagonal subgroup 
SU(3)v [H, low-energy excitations can be described 
by the coordinates £c+l E SU(3)c+l and £c+R £ 
SU(3)c+r given in terms of the octet pseudoscalar it and 
the octet scalar s. The scalars are eaten up by the gluons 
which become massive and map one-to-one to the vector 
mesons present in the hadronic sector. The Lagrangian 
that describes low-energy excitations is of the same local 
gauge invariant form as |6]). The gauge symmetry here 
is explicit, not hidden as in the hadronic sector but I will 
nonetheless call it HLS'. Now as in the hadronic sector, 
the HLS' Lagrangian supports solitons that carry fermion 
number B, which are nothing but skyrmions [23]. The 
CFL soliton is called "superqualiton" to be distinguished 
from the soliton in the hadronic phase. It is actually a 
quark excitation on top of the vacuum with condensed 
Cooper pairs, effectively color singlet with spin 1/2. But 
in this formulation, it is a topological object. 

Given the skyrmion matter for n <J, n p and the su- 
perqualiton matter for n > n* SR , the transition from 
nuclear matter to CFL matter can be considered as a 
skyrmion-superqualiton transition with half skyrmions 
figuring in between. This is the analogy to the Neel-VBS 
transition with half-skyrmions (spinons) at the boundary. 
Independently of whether this analogy is just a coinci- 
dence or has a non-trivial meaning, what is significant is 
that the pseudogap region can deviate strongly from the 
Fermi-liquid state that is usually assumed in studying 
color superconductivity. 

Vector symmetry and hadronic freedom at high den- 
sity: — What is perhaps the most significant for dense 
matter near chiral restoration is that the half-skyrmion 
(or pseudogap) state exhibits an emerging or "enhanced" 
symmetry. In HLS theory, the half-skyrmion state has 
the chiral SU(N f ) L x SU(N f ) R restored. Thus for 
n p < n < ri* SR , 

{Fv/Fv) 2 = a = 1, F^O, (7) 

which corresponds to k = in Eq. ©. Note however 
that the gauge coupling g ^ 0, so the vector meson re- 
mains massive. Since the vector meson is massive, F a is 
the decay constant for the longitudinal component of the 
vector meson, not of a free scalar. The gauge coupling 
g goes to zero, however, at chiral restoration, n = . 
This corresponds to Georgi's "vector limit." As noted 
by Georgi [3j], at this point the symmetry "swells" to 
SU(Nf) 4: , with £l and £r transforming under indepen- 
dent SU(N f ) x SU(Nf) symmetries [II], 

SL^h L (x)S L tf, Z R ->h R (x)Z R Ri, (8) 

where L, R and h^, R are the unitary matrices generating 
the corresponding global and local SU(Nf) groups. The 



hidden local symmetry is the diagonal sum of SU(Nf)h L 
and SU {Nf)h R ■ Away from the vector limit, the non-zero 
gauge couplings break the vector symmetry explicitly 
producing the nonzero vector meson mass and couplings 
for the transverse components of the vector mesons. In 
terms of this symmetry pattern, we see that the pseudo- 
gap phase is the regime where one has a = 1 (k = 0) 
and weak gauge coupling g — > 0. I note that this is pre- 
cisely the regime in which "hadronic freedom" is opera- 
tive. This allows us to identify the onset density for the 
pseudogap phase n p with the "flash density" n fi as h ~ the 
density counterpart of the "flash temperature" Tfia^. 

The pseudogap region between nji as h and ri* SR has 
an important astrophysical implication. With k — > 
(a — » 1), the gauge coupling g goes to zero as den- 
sity approaches n* SR , so hadrons interact weakly in 
that regime. As in matter at high temperature between 
T f i ash ~ 125 MeV and T* SR ~ 175 MeV, it can be 
viewed as a region of hadronic freedom. In the case of 
high temperature, say, in peripheral collisions of heavy- 
ion collisions, nearly non-interacting light mesons making 
up ~ 32 degrees of freedom flow freely from T* SR down 
to the flash temperature Tfi as h at which they go on shell 
and become strongly interacting. The observed p° /ir~ 
ratio in the STAR Au-Au collisions - which is difficult to 
understand in standard approaches - can be simply ex- 
plained with this mechanism [25| . In [26| . a similar rea- 
soning was made to predict kaon condensation at a den- 
sity ~ 3no- There the assumption was that kaons must 
condense somewhere between the flash density nfi as h and 
n% , most likely closer to the latter. Therefore one can 
start from the vector manifestation fixed point of HLS 
theory with a = 1 and g = but F n ^ 0. This calcula- 
tion reinforced the previous conclusion that kaons must 
condense before any other phase changes can take place 
and hence determine the fate of compact stars. This is 
reviewed in 

Further remarks: — The main assumption made in this 
note is that dense baryonic matter can be simulated on 
crystal using HLS Lagrangian. There are several ques- 
tions one can raise here. 

The first is whether there are no other crystal config- 
urations that could (1) give a lower ground state and (2) 
induce different skyrmion fractionization. The answer to 
this is not known. It is unquestionably an important 
question to address. For instance, in (2+1) dimensions, 
while for the known square-cell configuration, a baby- 
skyrmion fractionizes into two half-skyrmions, it is the 
hexagonal configuration that has the minimal energy and 
induces the fractionization of a baby-skyrmion into four 
quarter- skyrmions [T^]. 

Given that the skyrmion-half-skyrmion transition sce- 
nario is anchored on the crystalline structure at the mean 
field level, one wonders whether quantum fluctuations 
would not wash out the soliton structure of the half- 
skyrmion matter. As mentioned in Q, since nuclear 
matter is known to be a liquid, not a crystal, it might 
be that quantum fluctuations would "melt" the crystal. 
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The phase change could then be merely a lattice artifact. 
In addition, the spin and statistics of the half-skyrmion 
would require quantization. It seems highly plausible 
however that given that the transition involved here is 
a topology change, the phase change be robust against 
quantum fluctuations. Similar issues are raised in con- 
densed matter physics where the concept of "topologi- 
cal order" is invoked for robustness of topology-changing 
phase transitions. 

The next unanswered question is the mechanism for 
the fractionization of a skyrmion to two half-skyrmions 
at n p . The fractionization at some density seems generic, 
taking place both in (2+1) and (3+1) dimensions. The 
treatment made in this note was based on energetics con- 
siderations but the mechanism was left unclarified. In 
the condensed matter case discussed in [5j], the key role 
for the fractionization is played by the emergent U{\) 
gauge field and its monopole structure. The pair of half- 
skyrmions (referred to as "up-meron" and "down-anti- 
meron" in Q) are confined - or bound - to a single 
skyrmion in both the initial Neel state and the final VBS 
state but the skyrmion fractionizes into half skyrmions at 



the boundary due to the "irrelevance" of the monopole 
tunneling, with an emergent global symmetry not present 
in the many-body Hamiltonian. It would be exciting 
to see a similar mechanism at work in the present case. 
It could elucidate what the hadronic phase could be at 
the doorway to color superconductivity, should the latter 
survive the Brown-Bethe scenario for black-hole collapse 
following kaon condensation [2| . In this regard, it would 
be interesting to investigate the skyrmion-half-skyrmion 
transition in terms of the instantons and merons of 5D 
Yang-Mills Lagrangian of hQCD which would reveal the 
role of the infinite tower. 

If the pseudogap phase is indeed the hadronic freedom 
region, how can one exploit the background provided by 
the half-skyrmion matter for describing kaon condensa- 
tion? One may embed and bind if~'s in dense half- 
skyrmion matter where a « 1 and g ^ and exploit that 
in compact stars, electrons with high chemical potential 
decay into K~'s once the kaon mass falls sufficiently low 
and the kaons Bose-condense. To do this calculation, it 
may be necessary to know what the quantum structure 
of the half-skyrmion phase is. 
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